At the large transverse momentum region, the production of heavy-heavy bound-states such as charmonium, bottomonium, and 6c mesons in high energy &e' and hadronic collisions is dominated by parton fragmentation. We calculate the heavy quark fragmentation functions into the D-wave quazkonium and 6c mesons to leading order in the strong coupling constant and in the non-relativistic expansion. In the 6c meson case, one set of its D-wave states is expected to lie below the open flavor threshold. The total fragmentation probability for a 6 antiquark to split into the D-wave 6c mesons is about ' 
I. INTRODUCTION The production of heavy quark-antiquark bound states like charmonium, bottomonium, and the yet undiscovered charmed beauty mesons at high energy efe-and hadronic machines can provide very interesting tests of perturbative QCD. In the charmonium case, our traditional wisdom [l] has been taken the following scenario: most of the J/+ comes predominately from either the radiative decay of the P-wave XJ states produced by the lowest order gluon fusion mechanism or the weak decays of B mesons, whereas the $' should be produced almost entirely from B meson decays. Similarly, most of the T should be produced from the radiative XbJ decay. Only until recently can this naive thinking be confronted by the wealth of high energy experimental data collected at the Tevatron. During the 1992-1993 run, the CDF detector recorded surprisingly large production rates of the prompt J / Q , Q ' , and xd which are orders of magnitude above the theoretical lowest order predictions [2] . In 1993 131, it was realized that fragmentation can play an important role in quarkonium production at the large transverse momentum ( p~) region at the Tevatron. Parton fragmentation into quarkonium is formally a higher order process but nevertheless it can be enhanced at the sufficiently large transverse momentum region compared with the usual gluon fusion process [3] . A simple explanation of the enhancement is that the fragmenting partons are produced at high energies but with small invariant masses which can lead to the enhancement factor of powers of ( p r / n~~)~ compared with the gluon fusion mechanism.
Another important theoretical development is the factorization formalism of Bodwin, Braaten, and Lepage [4] for the inclusive decay and production of heavy quarkonium. This new approach, which is based on non-relativistic QCD (NRQCD), allows us to go beyond the conventional color-singlet model [5] by considering a double series expansion of the decay or production rates in terms of the strong coupling constant and the relative velocity of the heavy quarks inside the bound state. This double series expansion leads us naturally to include the higher Fock states of the quarkonium, some of which have the heavy quark pair in the color-octet state. We will discuss more about this factorization formalism in the next section.
Most of the fragmentation functions for quarkonium that are relevant to phenomenology have now been calculated. Gluon fragmentation functions were calculated in Ref. [3] for the S-wave, Ref. [6, 7] for the P-wave, and Ref.
[SI for the 'Dz state; heavy quark fragmentation functions were calculated in Ref. Phenomenological applications of these fragmentation functions have been performed by a number of groups [14, 15] . The current scenario of charmonium production at high transverse momentum is as follows: among all fragmentation contributions that are relevant to J / $ production, the dominant ones come from (i) gluon fragmentation into a color-octet 3S1 cE state followed by a double El transition into J / $ , and (ii) gluon fragmentation into XJ followed by the radiative decay XJ + J/$+7. The former mechanismis the most dominant one for y5' production because of the absence of x~( 2 P ) states below the DD threshold.
The current experimental status with this new fragmentation insight has now been reviewed by many people in various occasions. We refer the readers to Refs. [14-171 for more details.
The charmed beauty 8c mesons are expected to be observed soon at the Tevatron and preliminary limits on the production rate already exists [MI. Parton fragmentation has been applied phenomenologically to the production of Zc mesons as well at the Tevatron [19, 20] . The heavy quark fragmentation functions for e + (8c) were calculated in Ref. [21] for the S-wave and in Refs. It was only until the recent appearance of the results of Ref.
[23] that this controversy can be settled down and the validity of the fragmentation approximation can be established in the production of (k) mesons at the Tevatron. One can, therefore, use the fragmentation approximation with confidence in calculating the production cross sections and transverse 3 I momentum spectra of the (ic) mesons, including the leading logarithmic corrections, induced gluon fragmentation contribution [20] , and contributions from all orbitally excited states.
The purpose of this paper is to extend the previous calculations of heavy quark fragmentation functions to the D-wave case. The D-wave orbitally excited states are of interests phenomenologically. In the (6c) case, one set of the D-wave states is predicted by potential models to lie below the BD threshold. These states, once produced, will cascade into the pseudo-scalar ground state B, via pion and/or photon emissions and thereby contribute to the inclusive production rate of B,. The excited D-wave charmonium resonances have also been suggested [24] to resolve the $' surplus problem observed at CDF. In Section 11, we briefly review the factorization model of Bodwin, Braaten, and Lepage [4] that can consistently factor out the long-distance physics and short-distance perturbative factors for the inclusive production and decay rates of heavy quarkonium. In Section 111, we present the calculation of the D-wave fragmentation functions for both the unequal and equal mass cases within the spirit of the factorization model. We discuss our results in Section IV and conclude in Section V.
THE FACTORIZATION MODEL
According to the factorization formalism [4], the fragmentation function for a heavy quark Q to split into a quarkonium state X with longitudinal momentum fraction z can be written as where 0, are local 4-fermion operators defined in NRQCD. The short-distance coefficients dn(z,p) are independent of the quarkonium state X . For a fragmentation scale p of order of the heavy quark mass m g , the coefficients dn(z, p ) can be calculated using perturbation theory in strong coupling constant CY,(2?7'2Q). The relative size of the matrix elements (0:) for a given state X can be estimated by how they scale with m~ and with the typical relative 4 velocity v of the heavy quarks inside the quarkonium. Thus, the factorization formula Eq. (l) is a double expansion in as and v . To determine the relative importance of the various terms in this formula, one should take into account both the scaling in 21 Fig.1 and Fig.2 . In Fig.1 , the QQ pair can be either in the color-singlet 3 0~ state, in the color-octet 3 P~t , or in the color-octet or color-singlet 3S1 states, whereas in Fig.2 factor of v at the amplitude level in NRQCD and hence a factor of u2 in the probability.
Thus, with a non-relativistic normalization convention in the state, all three matrix elements (0;9c,J)), (Cl:9(3PJt)), and (0:7(3S1)) scale like rntv7. As a result, both Fig.1 and Fig.2 contribute to the fragmentation functions of order a?v7 and should all be taken in account for a consistent calculation. With appropriate normalization, the color-singlet matrix elements (0, sf2 ( Potential models can be used to determine the value of the wave-function so that the NRQCD matrix elements for the color-singlet contributions are fixed. Unfortunately, potential models cannot determine the color-octet matrix elements since dynamical gluons are involved.
However, from our experience of the P-wave quarkonium case 1111, we do not expect the color-octet component to play a major role in the heavy quark fragmentation. We note that this is in sharp contrast with the gluon fragmentation in which a gluon can fragment into , the,color-octet 3S1 state via the process g* --$ &&. This process is of order as and is at least one power of CY, lesser than the leading color-singlet term in the gluon fragmentation. We also note that the color-singlet contribution of heavy quark fragmentation from Fig 
HEAVY QUARK FRAGMENTATION FUNCTIONS INTO D-WAVE HEAVY-HEAVY MESONS
The general covariant formalism for calculating the production and decay rates of S-wave and P-wave heavy quarkonium in the non-relativistic expansion was developed some times ago [26] . It is straightforward to extend it to the case of unequal mass and higher orbital excitation. We shall present a covariant formalism for the production of D-wave meson are brought together in the right order. rssz (P, k), up to second order in k, is given by where in the middle parenthesis 7 ' is for S = Sz = 0 (spin-singlet) and -{(P,Sz) is for S = 1 (spin-triplet).
Since k / M is a small quantity, we can expand M ( P , k ) around k = 0 in a Taylor expansion:
k , /to where E , is the polarization vector for the spin-1 particle, and eap is the totally symmetric, traceless, and transverse second rank polarization tensor for the spin-2 particle. In the where and eapp(P, J z ) is the totally symmetric, traceless, and transverse spin-3 polarization tensor.
The polarization s u m s for J = 1, 2, and 3 are given by the following familiar expressions
~7 1
After writing down the formalism for the general production of D-wave mesons, we shall specify the production mechanism. The specific production of D-wave (Q@) mesons that we are considering is by the fragmentation of a heavy quark Q: 9 where the off-shell Q' is produced by a high energy source I?. 
A. Unequal Mass Case
We shall first derive the fragmentation functions for a heavy quark Q into an unequal 
For the spin-triplet case, the amplitude A ( P ) is given in Eq. (11) with ak,ak, I k = o given by where and
We then square the amplitude and s u m over the colors and helicities of q and (Qij) using the polarization sum formulas in Eqs. (17) - (19) . The fragmentation functions thus obtained are x 60(1+ 4r)' -60(1+ 4r)(7 + 36r -28r')z
All the above fragmentation functions are valid for the fragmentation of & + hbC and ti?, as well as for b --+ gbC and e, where J = 1,2,3.
.
,
For a given principal quantum number n the 'Dz and 3D2 states constructed in the LS coupling scheme are mixed in general to form the physical states 2+ and 2+' defined as
where 8 is the mixing angle. Thus, the fragmentation functions into the physical states 2+
and 2+' are 13 Therefore, we also need to calculate the fragmentation function DfiX(z). We note that in the case of charmonium it is the charge-conjugation quantum number C that prevents the mixing of cC('D2) and C Z (~& ) states, because cZ('D2) has C = $1 while C C (~D~) has C = - 
The fragmentation probabilities for these states can be obtained by integrating the frag- 
where N = ~r~(2rM)IR~(O)1~/(3240~M'). We note that the running scale used in the strong coupling constant cys is set at 2rM, which is the minimal virtuality of the exchanged gluon
I
[91. 
B. Equal Mass

+
where N = ailRL(0)12/(3240~M7). Therefore, the leading coefficients a10 I indeed satisfy the spin-counting ratio 5 : 3 : 5 : 7 . Actually, we found that not only the first term but also the second term in the Laurent series.of f(z) obey the Braaten-Levin spin-counting rules, while the third term does not. We conjecture that the Braaten-Levin spin-counting rule can be applied to the first two coefficients in the expansion (54) for all L-wave (L = 0, 1, 2, ...)
cases.
B. Heavy-Light Limit
Hadrons containing a single heavy quark exhibit heavy quark symmetry in the limit mg/hgcD + 00. In the limit of m g / h g c~ --.) 00, both the heavy quark spin 34 and the total spin f of a heavy hadron containing a single heavy quark Q become good quantum numbers. This implies that in the spectroscopy of the hadron containing a single heavy quark Q, the angular momentum of the light degrees of freedom ..$ = 3-SQ is also a good quantum number. We refer collectively to all the degrees of freedom in the heavy-light hadron other than the heavy quark as the light degrees of freedom. For heavy-light (Qq) mesons, Jl = sq + 2 where sq is the spin of the light quark Q and is the orbital angular momentum. Thus, hadronic states can be labeled simultaneously by the eigenvalues j and j , of the total spin f a n d the angular momentumof the light degrees of freedom ..$, respectively.
In general (311, the spectrum of hadrons containing a single heavy quark has, for each j,, a degenerate doublet with total spins j+ = j , + 1/2 and j -= jl-1/2. (For the case of jl = 0, the total spin must be 1/2.) For D-wave heavy-light mesons, j l can either be 3/2 or 5/2.
Thus (j-,j+) = (1,2) and (2,3) for jl = 3/2 and 5/2, respectively. As a result, we expect to have two distinct doublets (301, 2+') and (2+,3 0 3 ) in the limit of mg/m, + 00, Le. r --.) 0.
In this limit, the mixing coefficients in Eq. (37) can be determined by the Clebsch-Gordan coefficients in the tensor product of a spin 1/2 state and a spin 2 state with the following result:
-0
Le., we are transforming the states ID2 and 3D2 in the LS coupling scheme to the states 2+
and 2+' in the j j coupling scheme.
In their discussions of the heavy quark fragmentation functions within the context of Heavy Quark Effective Theory, Jaffe and Randall [32] showed that fragmentation functions can have a l/mQ expansion if expanded in terms of a more natural variable rather than the usual fragmentation variable z, and the heavy-quark mass expansion is given 
where N' = a~lR~(O)l'/(3240~(rM)~). Thus, at leading-order of l/mQ, we obtain the following spin-counting ratios as expected from heavy quark spin symmetry.
V. CONCLUSIONS
The The values of IBL(0)12 for the (cz), (bz), and (Zc) systems were summarized nicely in Ref.
[33] using different potential models. We choose the QCD-motivated potential of Buchmiiller The total probability is about 1.1 x J / @ ) % 1.8 x
With our inputs, the gluon fragmentation probability into the to be compared with the probabilities of P(c + [ll] obtained using the same inputs.
charmonium [8] is about We observe that the relative probabilities for the S-wave to P-wave quarkonium and for the P-wave to D-wave quarkonium are roughly suppressed by a similar factor of v2 as in the 8c
x
case.
At the Tevatron the b-quark production cross section is of order lOpb with pr 2 6
GeV, which implies about lo9 &quarks with an accumulated luminosity of 100 pb". Using 
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